A Cartesian semi-implicit solver using the conservative semi-Lagrangian transport scheme,
Introduction
Semi-Lagrangian semi-implicit (SLSI) schemes have been widely used in climate and shape-preservation, the scheme is further extended to use existing shape-preserving filters.
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The paper is organized as follows. In section 2, the conservative semi-Lagrangian scheme
75
CSLAM is described and a discussion of the issue of consistency between total-mass and 
where h n+1 exp is as described above, ∆t is the model time step, H 0 is the constant mean 112 reference height, v n+1 is the velocity field implicitly coupled to the momentum equations, 113ṽ n+1 = 2v n − v n−1 is the velocity field extrapolated to time-level n + 1, and v n is the 
The Lagrangian divergence operator (eq.(25) in LKM) is given by
and is computed as the change in cell area in one time step.
125
The form of the semi-implicit correction term in (5) 
where hq n+1 exp is the CISL explicit solution, h is the shallow-water height (analogous to total 151 air mass in a full model), and q is the specific concentration of an arbitrary constituent. The 
where HQ 0 is a constant mean reference constituent mass, the velocities v n+1 are solutions 167 from the Helmholtz solver, andṽ n+1 and v n are the same velocities as in (5 spurious deviation from constancy can be generated by the correction terms.
174
The issue with an inconsistent constant mean reference state for the total fluid mass and 175 constituent mass fields can be resolved with the formulation we present in the next section. to avoid the use of a constant reference state, such as (5). We test this approach for the SW 182 equations, and refer to the model using the flux-form scheme as CSLAM-SW. We formulate 183 the semi-implicit flux-form continuity equation as 
189
To ensure consistency, we simply express the constituent equation as and Lauritzen (2010) in separating the sub-grid-cell reconstructions for h and q, and then 203 compute hq(x, y) using
where h = h(x, y) and q = q(x, y) are the reconstruction functions, and (h, q) are cell 205 averages.
206
The new flux-form conservation equations (9) and (10) involve the computation of an Eu-207 lerian flux-divergence and a Lagrangian flux-divergence using extrapolated velocities. Using 208 the mesh described in Fig. 2 , the discrete Eulerian flux-divergence is given as
where ∆x and ∆y are the grid spacing in the x-and y-directions, and each of the fluxes are 
211
The Lagrangian flux-divergence in (10) needs to be consistent with the Lagrangian cell corner points to be at ( x 1 , x 2 , x 3 , x 4 ), i.e. (x 1 , y 1 ), (x 2 , y 2 ), (x 3 , y 3 ), (x 4 , y 4 ), and the 215 departure cell corner points as
denote the x-and y-velocity components at the i th vertex, where
The area of the departure cell is computed as
then rewrite the departure cell area as
where
Using (17), the velocity divergence can be written as:
which is identical to the Lagrangian divergence (6). The first flux term in each of F r , F l ,
227
F t , and F b is identical to the Eulerian velocity-divergence and the remaining terms give 228 the geometric correction for a Lagrangian representation (see Fig. 9 in Lauritzen 2005).
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Using this velocity divergence, we now approximate the Lagrangian flux-divergence term in 230 equation (9) as:
Using (12) and (18) and replacing h with hq, we can further combine each of the terms 232 in brackets of the constituent equation (10), which becomes
The corrective velocity v is defined as the difference between the velocity field used in the 
255
Following Randall (1994), we can write a generalized discretized dispersion relation for the 256 linearized shallow-water equations as
where the terms f u and f v are the discrete Coriolis operators, k u and l v are the discrete In addition to CSLAM-SW, we also run the two initial perturbation cases using LKM, the 309 traditional semi-Lagrangian formulation, and an Eulerian formulation. We use the l 2 -norm 310 of error as the error measure, which for a uniform mesh is is proportional to ∆t, errors in the scalar field grow with time step size, which can become 341 a major issue for semi-Lagrangian models that take advantage of larger stable time steps.
342
For the nonlinear test, the maximum absolute error from LKM is in the order of 10 −2 to 343 10 −1 , and is significant for constituents like water vapour which has a typical mixing ratio of 344 roughly 0.1% to 3% in air. On the other hand, CSLAM-SW using a consistent formulation is 345 free-stream preserving (up to machine roundoff) for both cases and all time-step sizes tested. 
359
The initial geostrophically-balanced mean state (u 0 , v 0 , and h 0 ) and height perturbation 360 h of the Bickley jet is given by: that time-off-centering in the semi-implicit scheme was needed to maintain stability. The third test case is the Gaussian jet with Ro = 5.0. Similar to the Bickley jet, the
396
Gaussian jet has Fr = 0.1, and has an initially geostrophically-balanced mean-state with 397 greater heights to the left of the channel and dropping off to smaller heights to the right (Fig. 6 ). The main difference between the two jets is that the Gaussian jet has a slightly 399 steeper height profile at the center of the channel, and therefore, produces a more pronounced 400 nonlinear flow, especially at larger Ro. The initial mean state and height perturbation for 401 the Gaussian jet is given as:
h(x, y, t = 0) = h 0 + h ,
and the notation is as before. All the parameters remain the same, except ∆h = 50 m for Cr adv = 2.5 simulation is almost identical to the solution using Cr adv = 0.56.
422
The CSLAM-SW is numerically stable for the highly-nonlinear flow in the Gaussian jet 423 and at Courant numbers much greater than unity. To check that consistency and shape-424 preservation in such a highly-divergent flow can be maintained, we repeat the Gaussian jet 425 case using CSLAM-SW and the shape-preserving extensions described in section 3. The shape-preserving CSLAM-SW solver (19) is tested using the divergent flow of the 428
Gaussian jet as described in section 4c. We also test the LKM solver with the Barth and root-mean-squared error of 1.06 × 10 −3 at time T = 1.8 × 10 5 s (Fig. 10) , and as in section 440 4a, the error is a function of the time-step size (not shown).
441
To compare the shape-preservation ability between CSLAM-SW and LKM, we initialize shown in Fig. 8 .
448
For the non-shape-preserving CSLAM-SW solver (Fig. 11a) , q reaches an unphysical peak 449 value of 1.233 and an unphysical minimum value of -0.145 (specific concentrations cannot 450 be negative). The LKM solver with shape-preserving transport (Fig. 11b ) has less severe 451 errors than the non-shape-preserving CSLAM-SW, but loses its shape-preserving ability due constituent mass) appears to be greater in amplitude than the undershooting for this flow.
455
Overshooting occurs mostly within the strongest anticyclones (negative vorticity centers on 456 the left side of the channel, highlighted in solid black lines in Fig. 11b ). Using the shape-
457
preserving CSLAM-SW solver (Fig. 11c) , minimum and maximum values of q are kept within 
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We have shown an example of a traditional discrete cell-integrated semi-Lagrangian semi- showed that CSLAM-SW remains numerically stable when large time steps are used.
490
We have also identified and eliminated a computational unstable mode in CSLAM-SW
491
and LKM, using the discrete dispersion relation of the linearized shallow-water equations.
492
The numerical instability, associated with the Lagrangian divergence operator on a C-grid, and ensures shape-preservation (up to machine roundoff).
504
The initial testing of the semi-implicit formulation in CSLAM-SW shows promising re- rameter β for numerical stability purposes. The discretized system is given by
, and h = h − H 0 . The operators are defined as
The R n terms define the known terms that are evaluated at time level n and interpolated for the traditional semi-Lagrangian model, the discretized system is given by
where 
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